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1 Introduction

The optical tomography is a new noninvasive medical imaging technology using near-infrared light
[3], and it is mathematically modeled by the inverse problem to determine a coefficient in the
stationary transport equation (STE).

STE is an integro-differential equation of the following form:

ξ · ∇xf(x, ξ) + µt(x)f(x, ξ) = µs(x)

∫
Sd−1

p(x, ξ, ξ′)f(x, ξ′) dσξ′ . (1)

Here, the function f(x, ξ) represents density of photon at a position x ∈ Rd with a direction
ξ ∈ Sd−1. In STE, we focus on two phenomena inside a media; absorption and scattering. We
consider STE (1) in the pair of a bounded convex domain Ω in Rd (d = 2 or 3) with a C1 boundary
and the unit sphere Sd−1.

We pose the incoming boundary condition to STE (1): Let f0 be a given function on Γ−. Then,
the incoming boundary condition reads

f(x, ξ) = f0(x, ξ) on Γ−, (2)

where
Γ± := {(x, ξ) ∈ ∂Ω× Sd−1 | ±n(x) · ξ > 0},

n(x) is the outer unit normal vector, and n(x) · ξ denotes the Euclid inner product of two vectors
n(x) and ξ in Rd.

The goal of this research is to solve the inverse problem to determine the coefficient µt in STE
(1) from boundary measurements; f0 and f |Γ+

, where f is a solution to the boundary value problem
(1)–(2). This inverse problem was already discussed mathematically using the albedo operator [5].
However, it is quite difficult to observe the albedo operator in a practical situation. This difficulty
motivates us to consider another approach to solve the inverse problem in a practical setting.

In this talk, we make use of propagation of the boundary-induced discontinuity, which is dis-
continuity of a solution to the boundary value problem (1)-(2) arising from discontinuous incoming
boundary data. Anikonov et al. [1] also made use of it in order to solve the inverse problem.
They showed that a jump of the boundary-induced discontinuity propagates along a positive char-
acteristic line when the boundary data has a jump with respect to direction ξ, and it is observed
as a jump of the outgoing boundary data on a discontinuous point, which locates on the tip of
the characteristic line. The exponential decay of the jump contains information about the X-ray
transform of the attenuation coefficient µt, and we may apply the inverse X-ray transform to the
observed data in order to determine the unknown coefficient µt from its image.
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On the other hand, a jump of the boundary-induced discontinuity also propagates along a
positive characteristic line when the boundary data has a jump with respect to space x. Aoki et
al. [2] showed this property for the case of the two dimensional half homogeneous space with an
incoming boundary data independent of ξ. In this talk, we extend the result in [2] to a bounded
convex domain. In addition to the discontinuity with respect to direction ξ, which is presented in
Anikonov et al. [1], we also discuss the discontinuity with respect to space x.

2 Assumptions and Notations

Let Ω be a bounded convex domain in Rd with the C1 boundary ∂Ω. We assume that Ω = ∪N
j=1Ωj ,

where Ωj , 1 ≤ j ≤ N , are disjoint (open) subdomains of Ω with piecewise C1 boundaries. Let
Ω0 := ∪N

j=1Ωj . We assume that, for all (x, ξ) ∈ Ω×Sd−1, the half line {x−tξ|t ≥ 0} intersects with

∂Ω0 at most finite times. In other words, for all (x, ξ) ∈ Ω×Sd−1, there exist positive integer l(x, ξ)

and real numbers {tj(x, ξ)}l(x,ξ)j=1 such that 0 ≤ t1(x, ξ) < t2(x, ξ) < · · · < tl(x,ξ)(x, ξ), x− tξ ∈ ∂Ω0

if and only if t = tj(x, ξ), and sup(x,ξ)∈Ω×Sd−1 l(x, ξ) < ∞. This assumption is called generalized
convexity condition for Ω0 [1]. In what follows, we use these notations tj(x, ξ) and l(x, ξ) for the
generalized convexity, and we put t0(x, ξ) = 0.

We assume that µt and µs are nonnegative bounded functions on Rd such that µt and µs are
continuous on Ω0, µt(x) ≥ µs(x) for x ∈ Ω0, µt(x) = µs(x) = 0 for x ∈ Rd \ Ω0, and discontinuity
may occur only at ∂Ω0. We also assume that the integral kernel p is a nonnegative bounded
function on Rd × Sd−1 × Sd−1 which is continuous on Ω0 × Sd−1 × Sd−1 and p(x, ξ, ξ′) = 0 for
(x, ξ, ξ′) ∈ (Rd \ Ω0)× Sd−1 × Sd−1, and satisfies∫

Sd−1

p(x, ξ, ξ′) dσξ′ = 1

for all (x, ξ) ∈ Ω0 × Sd−1. Finally, the measure dσξ′ is the Lebesgue measure on the sphere Sd−1.
We introduce some notations. Let D := (Ω × Sd−1) ∪ Γ−, D := D ∪ Γ+, and we define two

functions τ± on D by
τ±(x, ξ) := inf{t > 0 | x± tξ ̸∈ Ω}.

Let Γ−,ξ and Γ−,x be projections of Γ− on ∂Ω and Sd−1 respectively;

Γ−,ξ :={x ∈ ∂Ω | n(x) · ξ < 0}, ξ ∈ Sd−1,

Γ−,x :={ξ ∈ Sd−1 | n(x) · ξ < 0}, x ∈ ∂Ω.

Let disc(f) be a set of the discontinuous points for a function f .

3 Main results

Theorem 1. Suppose that a boundary data f0 is bounded and that it satisfies at least one of the
following two conditions:

1. f0(x, ·) is continuous on Γ−,x for almost all x ∈ ∂Ω,

2. f0(·, ξ) is continuous on Γ−,ξ for almost all ξ ∈ Sd−1.

Then, there exists a unique solution f to the boundary value problem (1)-(2), and we have

disc(f) = {(x∗ + tξ∗, ξ∗) | (x∗, ξ∗) ∈ disc(f0), 0 ≤ t < τ+(x∗, ξ∗)}.

Theorem 1 shows that the boundary-induced discontinuity propagates only along a positive
characteristic line starting from a discontinuous point of the incoming boundary data. Here, a
positive characteristic line from a point (x, ξ) ∈ Γ− is defined by {(x+ tξ, ξ) | t ≥ 0}.
Remark 1. Anikonov et al. [1] showed Theorem 1 with the condition 2. Our main contribution is
to show Theorem 1 with the condition 1.
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We shall discuss the boundary-induced discontinuity of the solution extended up to Γ+. In other
words, we can extend the domain of the solution f up to Γ+, and we see that the boundary-induced
discontinuity propagates along a positive characteristic line up to Γ+.

Theorem 2. Let a boundary data f0 satisfy assumptions in Theorem 1 and let f be the solution
to the boundary value problem (1)-(2). Then, it can be extended up to Γ+, which is denoted by f ,
by

f(x, ξ) :=

f(x, ξ), (x, ξ) ∈ D,

lim
t↓0

f(x− tξ, ξ), (x, ξ) ∈ Γ+.

Moreover, we have

disc(f) = {(x∗ + tξ∗, ξ∗) | (x∗, ξ∗) ∈ disc(f0), 0 ≤ t ≤ τ+(x∗, ξ∗)}.

We state the decay of the boundary-induced discontinuity in some situations. Let γ be two
points in ∂Ω when d = 2, while let γ be a simple closed curve in ∂Ω when d = 3. Then, γ splits ∂Ω
into two connected components A and B, that is ∂Ω = A∪B ∪ γ and A∩B = A∩ γ = B ∩ γ = ∅.
We put an incoming boundary data f0 by

f0(x, ξ) =

{
I, (x, ξ) ∈ ((A ∪ γ)× Sd−1) ∩ Γ−,

0, (x, ξ) ∈ (B × Sd−1) ∩ Γ−,
(3)

where I is a non-zero constant. We note that f0 satisfies the condition 1 of Theorem 1, and that
disc(f0) = {(x∗, ξ∗) | x∗ ∈ γ, ξ∗ ∈ Γ−,x∗}.

For (x, ξ) ∈ disc(f), we define a jump [f ](x, ξ) by

[f ](x, ξ) := lim
x→x

P (x,ξ)∈(A∪γ)

f(x, ξ)− lim
x→x

P (x,ξ)∈B

f(x, ξ),

where P (x, ξ) := x − τ−(x, ξ)ξ. We note that, in our situation, [f0](x, ξ) = I for all (x, ξ) ∈
disc(f0) = (γ × Sd−1) ∩ Γ−. In this situation, we have the following theorem.

Theorem 3. Let f be the extended solution to the boundary value problem (1)-(2) with the incoming
boundary data given by (3), and let (x∗, ξ∗) ∈ disc(f). Then,

[f ](x∗, ξ∗) = I exp

(
−
∫ τ−(x∗,ξ∗)

0

µt(x
∗ − rξ∗) dr

)
.

This talk is based on a joint work with I-Kun Chen [4].
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